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Abstract

Given any Poisson action G x P — P of a Poisson—Lie group G we construct an
object @ = T*G = T*P which has both a Lie groupoid structure and a Lie algebroid
structure and which is a half-integrated form of the matched pair of Lie algebroids which
J.—H. Lu associated to a Poisson action in her development of Drinfeld’s classification of
Poisson homogeneous spaces. We use 2 to give a general reduction procedure for Poisson
group actions, which applies in cases where a moment map in the usual sense does not
exist. The same method may be applied to actions of symplectic groupoids and, most
generally, to actions of Poisson groupoids.

1 Introduction

Consider moment maps in the most classical case: G is a Lie group, (P,w) is a symplectic
manifold, and G x P — P is an action which preserves the symplectic structure and so
induces an infinitesimal action g — X(P), X — X in which every fundamental vector field
is locally Hamiltonian. The action is Hamiltonian if there is a map g - C*°(P), X — ux,
necessarily R-linear, such that Xt = (dux)# for all X € g, where # denotes the canonical
map T*P — TP. The corresponding map p: P — g* is then the moment map of the action.

Now consider this differently. Regarding the infinitesimal action as P x g — TP, take
the dual and drop the base variable so as to obtain a map p: T*P — g*. Using the canonical
isomorphism T*P = TP, this gives a closed g*—valued 1-form 6: TP — g*. If P is simply—
connected and zy € P is any reference point, there is a smooth map p: P — g* such that
dp = 0. This yields, of course, the same maps u as before.

Here T*P is a Lie algebroid under the Poisson bracket of 1-forms and the canonical
isomorphism 7*P = TP is an isomorphism of Lie algebroids to the standard tangent bundle,
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which is the Lie algebroid of the pair groupoid P x P. Regarded like this, the fact that
0 is closed means that it is a Lie algebroid morphism from TP to the abelian Lie algebra
¢g* and when P is simply—connected this may be integrated to a Lie groupoid morphism
PB: P x P — g* which is necessarily of the form P(y,z) = pu(y) — pu(z) where p is obtained
from B by choosing any zy € P and defining p(z) = PB(z,z0). The existence of moment
maps has thus been reduced to the integration of Lie algebroid morphisms.

This viewpoint can be applied more generally. Consider next a symplectic action of a
symplectic groupoid as defined by Mikami and Weinstein [21]: given a symplectic groupoid
> = M and a symplectic manifold P, provided with a smooth map f: P — M, an
action of ¥ on P is a symplectic action if the graph is a canonical relation. Again we
take the infinitesimal action 'AY — X(P) and dualize it to p: T*P — A*¥. Again it
may be proved [30] that this is a Lie algebroid morphism (with base map f: P — M).
Composing with the canonical isomorphisms T*P = TP and A*Y = TM we can in fact
identify p with T'(f): TP — TM . This integrates (without simple connectivity hypotheses)
to fx f: Px P — M x M which may in turn be identified with f, which [21] shows may
be regarded as the moment(um) map of the action.

Next consider a Poisson action G x P — P of a Poisson group on a Poisson man-
ifold. Again taking the dual of the infinitesimal action, we obtain a Lie algebroid mor-
phism p: T*P — g*. If P integrates to an a-simply connected symplectic groupoid
II = P and G* is a dual group (integrating the Lie algebra g*) then p may be inte-
grated to a Lie groupoid morphism B: II — G*. If a moment map p: P — G* in the
sense of Lu [8] exists, then P is the composite of the anchor IT — P x P with the map
P x P — G*, (ug,u1) — pu(ug)p(uy)~?t, derived from p [30, §6]; see §4.

Classical Marsden—Weinstein reduction for a Hamiltonian action Gx P — P with moment
map p: P — g* calculates the symplectic leaves of the reduced Poisson space P/G; even
when P/G is not a manifold, the leaves of the abstract Poisson structure are (under well-
known conditions) the symplectic manifolds p~1(6)/Gy for 6 € g*. For a general Poisson
manifold P, the characteristic foliation will usually not be regular, but one may still be
able to obtain a symplectic groupoid II — P; indeed a local symplectic groupoid II with
base P always exists [6], [7], [24], [25]. Such a II represents a desingularization of the
characteristic foliation of P: the Lie algebroid AII of the Lie groupoid structure is canonically
isomorphic to the cotangent Lie algebroid T*P of the Poisson structure on the base; more
strongly, the transitivity orbits of the groupoid structure are precisely the symplectic leaves
of P. Thus if we are given a Poisson group action G x P — P and a symplectic groupoid
II = P, a satisfactory description of the Poisson structure on P/G (assuming it exists as a
manifold) is given by producing a symplectic groupoid for P/G. This was done for symplectic
groupoid actions by Ping Xu in [29]; our main purpose in this paper is to show how a similar
construction applies to Poisson group actions.

In fact all the cases mentioned above are special cases of a reduction process for actions
of Poisson groupoids or Lie bialgebroids; this most general construction will be dealt with in
a subsequent paper.

Basic to what follows is the concept of L.A-groupoid which was introduced in [13, §4]
as an object intermediate between the Lie bialgebra of a Poisson group and its symplectic
double groupoid. We recall this notion in §2. In §3 we show that the matched pair of Lie
algebroids which Lu [9] constructs in order to develop Drinfel’d’s classification of Poisson
homogeneous spaces [3] arises from a certain LA-groupoid in a natural way; this is the basis



of our approach to reduction in §4. We assume that the reader is familiar with Lie groupoids,
Lie algebroids, and symplectic groupoids: see [2], [23] or [14].

2 Poisson Lie groups and vacant LA-groupoids

We regard a Poisson structure on a manifold P as a bracket on the module C*°(P) of smooth
functions on P with respect to which C°°(P) is an R-Lie algebra and which is a derivation
in each variable separately:

{u, vw} = v{u, w} + w{u, v}

for u,v,w € C*°(P). Associated with this is the 2—tensor 7: TP @& TP — P x R defined by
7(udv,u' dv') = uu'{v,v'}

for u,v € C*(P); this is the Poisson tensor. We mostly work with the map 7#: T*P — TP
defined by

<71',91 A 92) = <92,7T#(91)>;

we call this the Poisson anchor and often write 6% = 7#(). The bracket of 1-forms on P
is now given by

[61,02] = Ly (02) — Ly (61) — d(m(61.62)) (1)

where 01,0, € A'(P). The bracket of 1-forms and the map 7n#: T*P — TP define the
structure of a Lie algebroid on TP in the following sense. See [1], [23] and, for a historical
survey, [5].

Definition 2.1 Let M be a manifold. A Lie algebroid on M is a vector bundle (A,q, M)
together with a vector bundle map a: A — TM over M, called the anchor of A, and a bracket
[, ]: TAXxTA — T'A which is R-bilinear and alternating, satisfies the Jacobi identity, and
is such that for all X,Y € TA, u € C*®(M).

o([X,Y]) =[a(X),a(Y)]  and  [X,u¥Y]=u[X,Y]+a(X)()Y.

For background on Lie algebroids see [14] and references given there. The concept of
morphism for Lie algebroids requires care and will be needed throughout the paper. There
are various formulations; the one most useful here is from [4]. The notation f'A means the
pullback vector bundle; we reserve asterisks for duals.

Definition 2.2 Let A’ and A be Lie algebroids over M' and M, and let ¢: A’ — A be a
vector bundle morphism over f: M' — M. Denote the induced map A’ — f'A by ¢'.

Then (@, f) is a morphism of Lie algebroids if acp = T(f)oa' and if, given X', Y' € TA’
for which ¢'(X') =Y ,u® X; and @(Y’)—Zjv;-(@Yj, we have

SX'Y Zu X;,Y;] +Za'(X')(v;-) ®Y; —Za'(y')(u;) ® X;.

The morphism (¢, f) is an action morphism if ¢': A’ — f'A is an isomorphism of vector
bundles.



Definition 2.3 Let A be a Lie algebroid on M and let f: M' — M be a smooth map. An
action of A on f, or on M', is an R-linear map TA — X(M'), X — X3, such that, for
X,Y €TA, ue C>®M),

X, V)% = [x8,Y9), (uX)} = (uo f)X3, X3 projects under f to a(X).

An action can be lifted to a map f'A — TM' by (m’,X) — X5(m'); denote this by
a'. Then a' is the anchor for a Lie algebroid structure on f'A. The bracket is defined for
pullback sections X by

[77 ?] = m

and extended to all of I'(f'A) by the Leibniz rule in 2.1 and additivity. With this structure
we denote f'A by A < f or A < M'; it is the action Lie algebroid corresponding to the
given action. The canonical map A < f — A is an action morphism. (Action structures have
usually been denoted by x; we reserve this symbol for semi—direct products in the standard
sense.)

Conversely, given an action morphism as in 2.2, the formula X3 = o/(X) defines an action
of A on f, where X is the pullback section corresponding to X, the unique section of A’
such that ¢ o X = X o f. For more details on these constructions see [4].

We can now consider the construction which is fundamental to this paper. Let G be a
Lie group. The group structure induces on T*G a Lie groupoid structure over base g*. For

0 € T; G, the source and the target are
B(0) =00 T(R,), a(f) =0 o0T(L),

where Ry, and L, are the right and left translations for G. For 6 as above and ¢ € T;G
the multiplication is
00 =@oT(Ry1)=00T(Lp1).

This is the cotangent groupoid of G. See [1] and, for more background, [14].
Definition 2.4 Let G be a Lie group and let © be a Poisson structure on G. Then (G, )

is a Poisson Lie group if 7% : T*G — TG is a morphism of Lie groupoids from the cotangent
groupoid to the usual tangent group.

This is the definition used for Poisson groupoids in [18], applied to the group case; see
also [13, 4.12].

The morphism condition is equivalent to the condition that for ¢ € TG, 9 € T;G with
@oT(Ly) =1 oT(Rp) we have

(g o T(Ry-1)) = 7 (p) o 7% () = T(Rn) (7% () + T(Lg) (n (1)) (2)

Here e denotes the multiplication in the usual tangent group 7'G.
Using the right trivializations T*G = G x g* and TG = G X g of the bundles we can
define
m%: G — Lin(g*,g) by 77(9)(0) = T(Ry—1)(n# (0 0 T(R,1)).

Then (2) implies that, for § € g* and any g,h € G,

' (gh)(0) = 7"(g)(6) + Ady(r"(h)(0)
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or, briefly, 7f(gh) = 7%(g) + Ad,w®(h), where Ad,: Lin(g*,g) — Lin(g*,g) maps 6 to
Adgof o Ady. This argument is easily reversed and shows the equivalence of 2.4 with the
usual definition.

We take the Lie algebra structure on g* to be defined by

1, 85) = (61, 62) (3)

<_
where, given 6 € g*, the 1-form 6 on G is defined by

G (g) =00T(L,).

Then <§ is left—invariant in the sense that for all X € g the function ((5,%) is constant;
conversely every such 1-form on G is (5 for some 6. For the proof that the bracket of
invariant 1-forms is invariant, see [27].

This construction makes it plain that a: T*G — g* is a morphism of Lie algebroids.
Given 0 € g*, the 1-form 6 is the pullback section corresponding to €, and (3) now shows
both that a is a morphism and that it is an action morphism of Lie algebroids. That is,
68 = w#((a) defines an action of g* on @, and the pullback &: T*G — G X g* is an
isomorphism of Lie algebroids to the action Lie algebroid g* < G.

The map & is precisely the left trivialization T7*G — G x g*, which we denote by A.
We can also regard A as being induced by the cotangent projection ¢: T*G — G, which is
a morphism of groupoids and an action morphism.

Definition 2.5 A morphism of groupoids F: G' — G over f: M' — M is an action
morphism of groupoids if the induced map F*: G' — f'G, ¢ — (/(¢"), F(q")), is a diffeo-
morphism.

Here f'G is the pullback manifold M’ * G of f and «. Given an action morphism,
the associated action of G on f is gm' = B'((F')"'(m',g)). Given an action of G on
f, the associated action groupoid is the manifold f'G with source o/ (m',g) = m/, target
B'(m',g) = gm', and multiplication (gm’, h)(m', g) = (gm’, hg).

Thus the fact that ¢ = A is a diffeomorphism means that ¢ is an action morphism of
groupoids; the induced action of G on g* is the standard (left) coadjoint action. A is thus
also an isomorphism of Lie groupoids from 7*G to the action groupoid G < g*.

Since 7# is a groupoid morphism by assumption, it follows that 7# o A~!: G < g* —
TG, (g,0) — 63(g), is a groupoid morphism; that is,

6%(hg) = ¢5(h) = 6%(g), (4)
where ¢ = Ady 6. Equivalently,
6%(hg) = T(Ry)((Ady0)* (h)) + T(Ln)((6)(9))- (5)

This is the usual twisted multiplicativity equation for the dressing transformations; see, for
example, [11]. _

It is important to notice that S is also a morphism of Lie algebroids, with respect to the
same structures. This follows immediately from the next result.



Proposition 2.6 The groupoid inversion T*G — T*G is an isomorphism of Lie algebroids.

PROOF. Denote the groupoid inversion 7*G — T*G by j and denote the inversion G — G
by jo. That 7n# o j = T(jo) o ## is part of the condition that 7# be a groupoid morphism.
Since the bracket in T*G is determined by 7#, the result should in principle follow directly.
However the following intermediate steps are useful:

For ¢ € A'(G) denote by j.(p) the transported section (j.(¢))(g9) = j(@(gt)). Then

T(Jx (1), Jx (p2)) = =7 (1, ¥2) © Jo. (6)

Using this, it follows that for any ¢ € X(G),

Ljo, &) (7:(#)) = 5 (Le (o)), (7)

where jo,(€) is the usual transport of the vector field. Finally, note that the pullback across
jo of a 1-form ¢ and the inversion of ¢ are related by

Jolp) = —Jjx(e). (8)

It now follows that B o A~l: g* < G — g, (9,0) — Adg#, is a morphism of Lie
algebroids. Denote it temporarily by .

Morphisms of Lie algebroids in which the target is a Lie algebra admit a simpler char-
acterization than in 2.2. Let h be a Lie algebra and let A be a Lie algebroid on M. Then
for a vector bundle map ®: A — § to be a Lie algebroid morphism, the anchor condition is
vacuous and the bracket condition reduces to

La(x)(2'(Y) = Loy (2(X)) — @}([X,Y]) =0

where ®'(Y) is regarded as a map M — h. See [30, 5.1].
Thus in the present case we have, for any two maps 61,02: G — g*,

L5 (05%) — L5 (019 — [01, 6212 = 0, (9)

where #49: G — g* denotes the map g — Adg(0(g))-

The method of 2.6 also proves the next result. For the pullback of two Lie algebroids see
[4].

Proposition 2.7 The groupoid multiplication T*G * T*G — T*G is a Lie algebroid mor-
phism, where the domain is the pullback Lie algebroid of a: T*G — g* and B: T*G — g*.

Thus the two structures on the cotangent of a Poisson Lie group are compatible in a
very strong sense: the structure maps of the groupoid structure are all morphisms of Lie
algebroids; that is, T*G is a groupoid object in the category of Lie algebroids. Notice too
that the groupoid structure on 7*G — g* arises entirely from the Lie group structure on G
whereas the Lie algebroid structure on 7*G — G arises entirely from the Poisson structure.

One feels that a Poisson Lie group G should be a group object in the Poisson category,
but this is not strictly true: the group inversion is not Poisson, but anti—Poisson, and the



right and left translations are generally neither Poisson nor anti—Poisson. The contravariant
nature of the cotangent functor absorbs these phenomena, and 7T*G is a genuine Lie groupoid
object in the category of Lie algebroids; the groupoid inversion is a Lie algebroid morphism
by 2.6 and it follows from 2.7 that the right and left groupoid translations in 7*G are Lie
algebroid morphisms.

Lastly, we know from (2) that 7# has rank zero at 1 € G, so the kernel of wf& is precisely
g*, with its Lie algebra structure obtained by linearization of 7. As with any Lie algebroid
at a point where the anchor is zero, g* — {-} is a Lie subalgebroid of T*G — G. Now the
composite of this inclusion with & is the identity map g* — g* and since the inclusion and
a are Lie algebroid morphisms, it follows that the identity map is also. Thus the Lie algebra
structure on g* obtained from (3) coincides with the linearized structure from 7.

We have shown that the cotangent of a Poisson Lie group is an LA-groupoid as defined
as follows.

Definition 2.8 [13, p.212] An LA-groupoid is a system (2; G, A; M) in which Q has both
a Lie algebroid structure over base G, and a Lie groupoid structure over base A, where G
is a Lie groupoid on M and A is a Lie algebroid on M, such that the groupoid structure
maps for Q (source a, target [, identity map 1, multiplication, inversion) are Lie algebroid
morphisms. It is vacant if the map A = (q,a): Q — G X A is a diffeomorphism.

Denote the Lie algebroid anchors by a: @ — G and a: A — TM and the bundle
projections by ¢ and ¢. We visualize LA-groupoids as in Figure 1. We now show that the

a, 3
¢ | K \ l
o,

Figure 1:

description of a Poisson Lie group in terms of the two actions — the coadjoint action and
the dressing transformation action — extends to any vacant LA-groupoid.

By assumption, a: Q — A is a Lie algebroid morphism over a: G — M . Because of the
vacancy condition it is an action morphism, with corresponding action

X8 =a(X) € X(G) (10)

where X is the unique section of Q which projects to X € T'A under &. Further, A =
@': Q — A < G is an isomorphism of Lie algebroids.

Next, g: Q@ — G is an action morphism of Lie groupoids over g: A — M. Accordingly,
A = ¢' is an isomorphism of Lie groupoids Q — G < A where the action of G on A is

9X = B(AT(g, X)) (11)



Now the composite @0 A~': G < A — TG, (9,X) — X3(g), is a morphism of Lie

groupoids and so we have
X%(hg) = (9X)% (h) » X3(g) (12)

for X € A and h,g € G with ¢(X) = a(g) and ah = fg.

The multiplication e on the RHS is the multiplication in the tangent groupoid TG —y T'M
obtained by applying the tangent functor to the structure maps of G — M. When G is a
group, T'G is the usual semi—direct product G x g with respect to the adjoint action, but for
general Lie groupoids there is no comparable description. For an explicit formula in the gen-
eral case see [30, 2.6]. From (12) it follows that X3(1,,) = T(1)(a(X)) for X € A,,,, m € M.

Likewise, Bo A™1: A < G — A, (9,X) — ¢X, is a morphism of Lie algebroids over
B. This is another action morphism and so the morphism conditions of 2.2 reduce to anchor
preservation and the preservation of projectability under brackets. The anchor preservation
condition is that

T(8)(x}(g)) = algX), (13)
for X € A and g € G with ¢X = ag. Given X € T'A, the unique section X which projects
under 5~o A~! to X is given by

X(g9) = (9.9~ X(Bg))-

The bracket condition is accordingly that, for all X,Y € T'A,
X, 7] = [X,Y), (14)

where the bracket on the RHS is for the action Lie algebroid A < G.
We have proved half of the following result; for the other half see [13].

Theorem 2.9 [13, 4.9] In a vacant LA-groupoid the actions (10) and (11) satisfy the three
compatibility conditions (12), (13) and (14).

Conversely, given a Lie algebroid A and a Lie groupoid G, an action of G on the vector
bundle A, and an action of A on a: G — M, satisfying the conditions (12), (13), (14),
there is a unique vacant LA-groupoid which induces them.

Equation (14) may be written in a possibly clearer form. Consider first any Lie algebroid
A on M and action of A on a smooth map f: M’ — M. Choose a connection V in
the vector bundle A and let V denote the pullback connection in f'A. Using the bracket
structure in A, define the torsion of V by

Ty (X,Y) = Vox(Y) — Vay(X) — [X,Y];

this defines an alternating form Ty : A®A — A. Denote the pullback of Ty to f'A® f'A —
f'A by Ty. Now the bracket in A < f may be written
(X", Y] =Vyx:/(Y') = Vay (X') = Ty (X', V)

for X', Y’ € T(f'A). See [4, p.213].
Returning to the case of (14), choose a connection V in A. Denote the pullback connec-
tion in 8'A — G by Vﬂ and the pulled-back torsion similarly. Temporarily denote the map



B oA~ by ®. This is another action morphism of Lie algebroids, with base map 3. The
induced isomorphism ®': A < o = A < 8 is (g,X) — (g,9X). The module of sections of

the domain of this map is generated by the pullback sections X, where

X%(9) = (9: X (ag)),
for X € T'A. Denote the image of X under ® by X*; thus X*(g) = (g9,9X(ag)). Now
equation (14) is equivalent to the condition that, for all X, Y € T'A4,
[X*,Y*] = Vigs (V) — Vs (X*) — T (X*, V). (15)

In the case of Poisson Lie groups this reduces to (9).

3 Poisson actions of groups

Consider a Poisson action o: G x P — P, (g,u) — gu, of a Poisson group G on a Poisson
manifold P. Associated with ¢ is the infinitesimal action g — X(P), X — X', given by

X' (w) = Ti(g — gu)(X)

for u € P. Dualizing the infinitesimal action gives a map p: T*P — g* which is a morphism
of Lie algebroids by a result of Xu [30, 6.1]. This map plays a key role in what follows, and
needs a name; we call it the pith. Since (AdgX)" = (0,)«(XT), where o,: P — P is the
partial map, it follows that p(gp) = Adg(p(p))-

We lift the action of G on P to an action of T*G — g* on p: T*P — g* by

0p =g =poT(og-1)

where 6 € TG and ¢ € T P; see [21]. Form the action groupoid 2 = T*G <1*P = T*P.
Elements of Q are pairs (0,¢) € T*G x T*P such that § o T(Ly) = p(¢), and the groupoid
structure on (2} is

a0,0) =, BO,90)="0p, (0 90)0,¢) =000

Because both a: T*G — g* and p are Lie algebroid morphisms, it follows [4] that the
pullback 2 is a Lie subalgebroid of the product 7T*G x T* P, which is a Lie algebroid over
G x P.

Theorem 3.1 With the structure just defined, (; G < P,T*P; P) is a vacant LA-groupoid.

ProOOF. We will prove the result by verifying the conditions of Theorem 2.9. The actions in
this case are

(g =go,  @g,u) =nE(p(p) o T(Ly1)) +p (). (16)
We use the Poisson action condition [11] in the form
(W, 75 (p)) = (0 T(0g), mh (0 0 T(0y))) + (3 0 T(0w), 7 ( 0 T(0))) (17)

where ¢, 9 € Ty, P.



To check (13) we apply T(8) to ¢%(g,u), where f: G x P — P is the action itself.
Writing e for the tangent action TG x TP — TP, we get

w8 (p(9) 0 T(Lg1)) e wh(9) = T(0w) (s (¢ 0 T(0w) 0 T(Ly-1))) + T() (mh ().

Pairing this with any 1 € T, P and using (17), we get

(0 T(0w), (9 0 T(04-1) 0 T(0w))) + (0 T(0y), 78 ()
= (3,15 (p 0 T(a4-1))) = (%, 75 (9¢))

and Wﬁ (g¢) is indeed the RHS of (13) in this case.

For condition (12), note first that the tangent groupoid for G < P = P is the action
groupoid TG < TP —y TP for the tangent action e of the group TG on T P. So we must
prove that

T (p(p) o T(Ly-1p-1)) + 7 () =
[(wz?(p(gso) o T(Lh D) + 7k (99)] o [(E (0) 0 T(Ly-1) + 7E ()]

Computing in TG < TP, the RHS is
[7& (p(9¢) © T(Iy-1)) 0 T (p(0) © T(Ly1))| + 7 ()

and equality for the TP components is clear. For the T'G components we need only recall
that Wﬁ T*G — TG is a groupoid morphism, and that

(p(ge) o T(Lp-1))(p(p) 0 T(Lg-1)) = p(p) 0 T(Lg-1p-1)
in TG = g*.
For condition (14), consider ¢ € A'(P) and 6 @4 € I'(T*G X4 T*P). Thus 6(g,u) o

T(Lg) = (g9,u) o T(oy) for all g € G,u € P. The condition that 6 ® ¢ = ¢ is that
0(g,u) ® P(g,u) = p(gu) for all g € G,u € P, and this expands to

(0(g,u), X) + ((g,u), V) = (p(gu), X o V) (18)
for all X € T,G,V € T,P, where X o V =T(0)(X @& V). Equivalently,
0(g,u) = p(gu) o T(ow),  9(g,u) = p(gu) o T(oy) forallge G, ueP.

Define E: G x P — G x P by (g,u) — (g,gu). This is a Poisson diffeomorphism, and
the induced map E*: A'(G x P) — A'(G x P) is given by

(B (0 @9)(g,u), X ®V) = (0(g, gu), X) + ($(g,gu), X ¢ V).
So we have proved the following lemma.

Lemma 3.2 With the above notation, 8 ® ¥ = & if and only if E*(0® ) =0 & .
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Now 0 ® ¢ € I'(T*G xg T*P) depends on the P variable only, so [0 @ ¢1,0 ® @3] =
0 & [¢1,p2]- Since E is a Poisson diffeomorphism, E* preserves the Lie algebroid brackets,

and so it follows that if 6; @ ¥ = @1, 62 ® 12 = 2, then [0 & 11,02 & P2] = [p1, @2], and

s0 [p1,92] = i1, 2] for all o1, 02 € A1(P).
This completes the proof of Theorem 3.1. g

We now need to show how this vacant LA-groupoid structure induces the matched pair
constructed in [9]. We first briefly summarize the differentiation process for a general L.A-
groupoid. See [16, §2] for more detail.

Consider any LA-groupoid as in Figure 1(a). Applying the Lie functor to the groupoid
structures gives a double vector bundle as in Figure 2(a)

q
AQ ————— A gxgt —— ¢
A(9) ‘ ‘ q ‘ l
AH —— M. g — {}
q9H
(a) (b)

Figure 2:

in which AQ2 — AH has a Lie algebroid structure obtained by prolongation of the Lie
algebroid structure on € [16, §2]; with respect to these structures, AQ) is a double Lie
algebroid [15]. The map A: Q — H xjs A differentiates to the corresponding map AQ —
AH & A; we call this the double projection. It follows that if Q is vacant, then the double
projection is a diffeomorphism, that is, A} is isomorphic as a double vector bundle to
AH xpr A. In [17] this is called a vacant double Lie algebroid and it is shown that a double
Lie algebroid which is vacant defines, and is equivalent to, a matched pair structure on its
two side Lie algebroids.

Here we only cite the formulas by which the representations in a vacant LA-groupoid
give rise to the matched pair of Lie algebroids. See [16, 4.5] for the details. The following
definition is from Mokri [22, 4.2].

Definition 3.3 Let A and B be Lie algebroids on base M , with anchors a and b, and let
p: A — CDO(B) and X: B — CDO(A) be representations of A on the vector bundle B
and of B on the vector bundle A. Then A and B together with p and X form a matched
pair if the following equations hold for oll X, X1,Xo €TA, Y,Y1,Y, € T'B:

px(V1,Y2]) = [ox(Y1),Y2] + [¥Y1, px (Y2)] + pxy, () (Y1) — pxy, () (Y2),
Xy ([X1,X2]) = [Xy(X1), Xo] + [ X1, Xy (X2)] + Xpx, () (X1) = Xpy, () (X2),
a(Xy (X)) = blpx(Y)) = [b(Y),a(X)].

Here CDO(E), for any vector bundle E, is the vector bundle the sections of which are
those first or zeroth order differential operators D: I'EE — I'E for which there is a vector
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field X on M with D(fu) = fD(u) + X(f)u for all f € C®(M), p € TE. With anchor
D +—— X and the usual bracket, CDO(E) is a Lie algebroid (see [12, I11§2]).

Now consider a vacant LA-groupoid as in Figure 2(a). There is an action of H on A,
denoted (h,Y) — hY, as in (11), and an action of A on a: H — M, as in (10), denoted
Y — Y§. ApplyiAIlg the complete prolongation process of [19] to the latter, we obtain

an action Y +— Y$§ of A on AH, for which the corresponding representation x: A —
CDO(AH) is

Xy (X) = [Y3,X]o1; (19)
see [19, 3.14]. The action of H on A induces a representation p: AG — CDO(A) by a
standard procedure [12, III 4.6], giving

px(¥)(m) = = 5 Bxp X (falm)Y (/_alm)| (20)

where X €¢ TAH,Y € T'A, and f; is a local flow of a(X).
It now follows, as an application of the abstract approach in [17, §6], that this p and this
X satisfy the matched pair equations of 3.3. Theorem 3.4 summarizes this.

Theorem 3.4 Given a vacant LA-groupoid, the representations (19), (20) make (AH,A) a
matched pair of Lie algebroids.

Theorem 3.5 Let G x P — P be a Poisson action. Then the representations (19), (20)
induced by the vacant LA-groupoid 3.1 are

(px (), V) = a(X)(p, V) = (@, [X, V]) = (0, (V(X))T),  Xp(X) = 7 (0)(X) + ady,) (X),

(21)
where X: P — g, ¢ € AY(P), V € X(P). Here V(X) is the Lie derivative of the vector
valued map X .

PROOF. In each case it suffices to take X constant; the result for general X then follows by
linearity over functions or Leibniz rules. When X is constant, the first formula is just the
complete cotangent lift of the action of g on P (as in [19]), and the action of G on T*P is
just the contragredient of the tangent lift.

For the second, we must prove that

[Xa SOT] ol = —a,d;(w) (X)

for X constant. For X € g, the right-invariant vector field X on G < P has flow f;(g,u) =
(exptX g,u). Considering 1, = (1,u) we have

o' (exp —tX,u) = 7l (p(p(u)) o T(Lexpx)) + 1 (9(u)).

Applying T(f;) and differentiating, the TP term vanishes, and we have

%T(Lexpmﬁ(p(so(u)) o T(Lexptx))| »
0

which is — ad;(w(u))(X ). The result follows. g
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"G «<T*P —— T*P (gg*)<T*P —— T*P

| | | |

G«P — P g<P — P

(a) (b)

Figure 3:

Apart from the sign conventions, (21) are precisely the representations of [9, §4]. The
corresponding vacant double Lie algebroid has the form shown in Figure 3(b). Here the
horizontal Lie algebroid is the action structure (g < g*) < T*P from the action of the Lie
algebroid g < g* on the pith p: T*P — g*. The vertical structure is the pullback Lie algebroid
(g> g*) Xg« T*P of the action Lie algebroid g> g*, the base of which is g, and T*P, over
the action morphism g> g* — g* and the pith. The double projection of Figure 3(b) is

(gg*) <T*P - (g< P)®T*P.

This map, which we denote T, is an isomorphism in three distinct senses. It is an isomorphism
of Lie algebroids over g < P from the pullback Lie algebroid (g> g*) x4« T*P to the action
Lie algebroid T*P < (g x P) corresponding to X in (21). Secondly, it is an isomorphism
of Lie algebroids over T*P from the action Lie algebroid (g < g*) < T*P to the action Lie
algebroid (g < P) < T*P corresponding to p in (21). Lastly, it is an isomorphism over P of
the bicrossproduct Lie algebroids

(gg") < T*P — (g < P) < T*P, (22)

where the RHS is the form in which Lu [9] expressed the matched pair.

It follows immediately that the canonical projection ®: (g > g*) < T*P — g < g*
is a morphism of double Lie algebroids; that is, it is a morphism of Lie algebroids over
p: T*P — g*, and a morphism of Lie algebroids over the canonical projection g < P — g. A
morphism of vacant double Lie algebroids induces a morphism of the corresponding matched
pairs, and hence of their bicrossproducts

(g g") =< TP — g gh;

this gives [9, 4.4]. Note that ®, as a morphism over p, is always an action morphism, but
this is not generally so for ® over g < P — g, or as a map of bicrossproducts; see [9, §5].
The vacant LA-groupoid underlying (22) has implications for the analysis of Poisson
homogeneous spaces given in [9]; these will be studied elsewhere.
Lastly in this section, note that the actions (21) require only the infinitesimal data from
G x P — P. There is thus the following purely infinitesimal result. The proof follows by
combining [9, 4.1] with the results of [17, §6].
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Theorem 3.6 Let g — X (P) be a Poisson action of a Lie bialgebra (g,g*) on a Poisson
manifold P, with pith p. Then the actions (21) define the vacant double Lie algebroid in
Figure 3(b).

4 Reduction for Poisson group actions

Consider a Poisson action o: G x P — P of a Poisson group G on a Poisson manifold P.
There is a natural map of double structures from the LA-groupoid 7*G < T*P in Figure 3(a)
to the LA-groupoid T*G in Figure 1(b). Namely, the map T*P — g* is the pith and the
maps T*G < T*P — T*G and G < P — P are the projections onto the first factors; denote
them by ¥ and 1. The two projections are action morphisms of groupoids, for the action of
T*G on the pith and the action of G on P, respectively. Further, ¥ is a morphism of Lie
algebroids over 1.

Denote by K the kernel of p; we assume, for simplicity in the brief treatment in this
section, that p has constant rank. Similarly denote by K the kernel of ¥ as a morphism
over 1. Both K and K are Lie subalgebroids. It is immediate that, as a vector bundle,
K is G x K. Tt also follows, from diagrammatics or by a direct check, that the groupoid
structure of T*G « T*P —y T*P restricts to K —y K, and this groupoid structure is an
action groupoid, G < K —y K, for the action of G on K which is the restriction of the
cotangent lift. These two kernels thus form another £A-groupoid, similar to Figure 3(a).

Any groupoid defines an orbit equivalence relation on its base. Suppose, again for simplic-
ity here, that the orbit relations defined by the groupoids G <« K — K and G <« P = P
correspond to quotient manifolds K/G and P/G. Then, by the next proposition, the vertical
Lie algebroid structures in Figure 3(a) descend to give K/G a Lie algebroid structure over

P/G.

Proposition 4.1 Consider an LA-groupoid (Q; H, A; M) as in Figure 1(a) (but not neces-
sarily vacant). Assume that the orbit equivalence relations defined by Q@ — A and H — M
correspond to quotient manifolds A’ and M'. Then there is a unique structure of Lie alge-
broid on A’ over base M' such that the natural maps A — A" and M — M' form a morphism
of Lie algebroids.

This is an immediate consequence of the treatment of Lie algebroid quotients in [4, §4].
There is a corresponding result for double groupoids in [13, §3]. The proof of the next result
will be given in a subsequent article.

Theorem 4.2 Applying Proposition 4.1 to the LA-groupoid in Figure 3(a), the orbit Lie
algebroid is the cotangent Lie algebroid of P/G.

Before we turn to examples, we sketch briefly the corresponding approach on the level of
double groupoids. Suppose that ¥ is a symplectic double groupoid for G in the sense of [10].
Assume that [T — P is an a—simply connected symplectic groupoid for P. Then we may
construct double groupoids which are directly analogous to, and global forms of, the L.A-
groupoids in Figures 3(a) and 1(b), take the kernels of the corresponding morphisms, take
the quotient manifolds defined by the horizontal groupoid structures, and thereby obtain a
symplectic groupoid for the reduced Poisson space. The details will be given in a subsequent
article.
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Example 4.3 Suppose that G x P — P is a Hamiltonian action of a connected Lie group G
on a connected symplectic manifold P, with equivariant moment map u: P — g*. Assume,
for simplicity here, that () = P/G is a smooth manifold with the projection P — ) complete
as a Poisson map, and that p has constant rank, is complete, and has connected fibres. (In
the terminology of [28, §5], the action is completely regular.)

The kernel K of the pith p: T*P — g* is (ima)®, the annihilator of the image of the
infinitesimal action a: P x g — TP. Because P is symplectic, we can identify the Lie
algebroid T*P with TP, and K then corresponds to (ima)‘. If P is simply—connected,
then p integrates to a G —equivariant morphism 9: P x P — g* and (ima)' is an involutive
and G-invariant distribution on P. Now the usual conditions on y ensure that P(v,u) =
p(v)—p(u) and (ima)t = THP. The Lie groupoid corresponding to T*P is R(u) = {(v,u) €
P x P | pu(w) = p(u)} =P 1(0). Finally, the quotient Lie groupoid R(u)/G = Q has a
natural symplectic structure. In terms of [28], the symplectic groupoid R(u)/G arises from
the symplectic affinoid structure.

The following example emerged from discussions with J.—H. Lu.

Example 4.4 Suppose that P isitself a Poisson Lie group, with G a closed Poisson subgroup
and G X P — P the group multiplication. The Lie algebroid T* P is isomorphic to the action
Lie algebroid b* < P where we write b for the Lie algebra of P. In these terms the pith
P x b* — g* is fibrewise the restriction and so the kernel K is P x g*. It follows now from
4.2 that the cotangent Lie algebroid of P/G is (P x g*)/G, the quotient over the canonical
action of G of the action Lie algebroid g' < P.

In this case the pith always integrates, giving an equivariant morphism of Lie groupoids
IT — G* where II is the a—simply connected symplectic groupoid for P and G* a dual group
for G. There is rarely a moment map.

5 Concluding remarks

The approach given in §3—=84 extends to general actions of Poisson groupoids and, suitably
modified, to actions of abstract Lie bialgebroids. In particular §4 applies to actions of sym-
plectic groupoids, in which case it is the method given by Xu [29]. The method also extends
to Poisson reduction in the sense of Marsden and Ratiu [20]. All these developments will
follow in another article.
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